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ABSTRACT: We derive the low energy dynamics of monopoles and dyons in N = 2 super-
symmetric Yang-Mills theories with hypermultiplets in arbitrary representations by utiliz-
ing a collective coordinate expansion. We consider the most general case that Higgs fields
both in the vector multiplet and in the hypermultiplets have nonzero vacuum expecta-
tion values. The resulting theory is a supersymmetric quantum mechanics which has been
obtained by a nontrivial dimensional reduction of two-dimensional (4,0) supersymmetric
sigma models with potentials.
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1. Introduction

In supersymmetric Yang-Mills theories (SYM) with extended supersymmetry, there are
many BPS monopole and dyon states. At weak coupling, their low-energy dynamics can
be understood semiclassically by studying the moduli space of classical BPS monopole
solutions. It turns out the dynamics is governed by some kind of a supersymmetric quantum
mechanics [i].

The simplest case, where only a single adjoint Higgs field has a nonvanishing vacuum
expectation value, was analyzed in refs. [f]-[I]]. When a second adjoint Higgs is also
nonvanishing, there are BPS states with electric and magnetic charge vectors that are not
parallel [LI]-[[d]. In this case, the low-energy dynamics is governed by a supersymmetric
quantum mechanics with potential terms [[[§-[R3], which can be obtained by a non-trivial
“Scherk-Schwarz” dimensional reduction of two-dimensional (4,0) supersymmetric sigma
models P4]. This has been studied in both N = 2 and N = 4 theories through direct
derivation using collective coordinate approach and/or indirect argument based on super-
symmetric considerations. In particular, in [24], the low-energy dynamics was derived
in N =2and N =4 SYM with hypermultiplets when the two adjoint Higgs fields are
nonvanishing.

One can further investigate the theory with hypermultiplets by considering the case
that the scalars in the hypermultiplets also acquire nonzero expectation values while main-
taining a nontrivial Coulomb branch. This is possible when the hypermultiplets are mass-
less and the representations contain zero-weight vectors. The corresponding supersym-
metric quantum mechanics was derived when the hypermultiplets are in real representa-
tions [P4]. In deriving this, it was crucial that there are three complex structures on the
index bundle associated with the matter fermions in the real representation. When the



representation is not real, however, the index bundle is equipped with only a single com-
plex structure in general and the low-energy dynamics was not considered. In this paper,
we will address this issue and obtain the supersymmetric quantum mechanics, which will
complete the derivation of the most general low-energy dynamics of BPS monopoles and
dyons in N =2 and N =4 SYM with hypermultiplets in arbitrary representations.

The plan of the rest of this paper is as follows. In section P, we briefly review the
monopole dynamics in pure N = 2 SYM to fix notations. Section [] is the main part of
the paper. We consider N = 2 SYM with hypermultiplets in arbitrary representations and
derive the low-energy dynamics of monopoles when scalars in the hypermultiplets addi-
tionally have nonzero vacuum expectation values while maintaining a nontrivial Coulomb
branch. We conclude in section [i.

2. Monopole Dynamics in Pure N = 2 Super Yang-Mills Theory

In this section, we briefly review the dynamics of monopoles in pure N = 2 SYM. Details
can be found in [P3, 4. The Lagrangian of N =2 SYM is

1 1 1
Lo = —Tr {—ZFMNFMN T §DM<I>IDM<I>I - §[<I>1, P?)?

—ixy™ Darx +ix[®', x] — Xv5[@%, x]}, (2.1)

where ®/, I = 1,2 denote the two real Higgs fields, Dy ®! = 0y ®! + [Apr, @], x is a
Dirac spinor and all fields are in the adjoint representation of the gauge group G. The
anti-hermitian generators of the Lie algebra G are normalised so that Trt*? = —§%. Our
metric has mostly minus signature and v = iy9y172y3. The classical vacuum satisfy
[®!, ®%] = 0 and thus ®' lie in the Cartan subalgebra of G: ® = ¢! - H. We will only
consider vacua where the symmetry is maximally broken to U(1)" where r = rank G. For
a given vacuum electric and magnetic charge two-vectors are defined by
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Q;:—Trjfﬁ-écbf:qbf-g, (2.2)
where we have introduced the electric and magnetic charge vectors,
q=ng'B",
g = dmny B, (2.3)

respectively. 8" are the simple roots and 3, are the simple co-roots of G, and n are
the topological winding numbers and n]* are, in the quantum theory, the electric quantum
numbers.

There is a classical mass bound given by [BF, [Lf]

M > max |Z4|

= max |(Q¢ — Q7)) £i(Qn, + Q7). (2.4)



Only Z_ appears as a central charge in the N = 2 supersymmetry algebra and half-BPS
states satisfy M = |Z_| 26, PJ]. Thus BPS solitons can only have charges satisfying
|Z_| > |Z4|. This bound is saturated when

E = iﬁa,
B = Db, (2.5)
where we have defined the rotated Higgs fields via

a = cosa®! — sin ad?,

b = sina®! + cos ad? (2.6)

and the angle « is constrained to be
(2.7)

The second equation in (R.5) is the usual BPS equation for a single Higgs field of which the
solutions are usual BPS monopoles. For a given solution of the the second equation, the
first equation has a unique solution for specified asymptotic behavior of a. The solutions
to the general equations can thus be viewed as electrically dressed solutions to the BPS
monopoles.

In terms of the vectors a, b, which are defined through (R.6), the mass bound is given by

M > max(ta-q+b-g), (2.8)
which can be obtained by noting that (B.7) can be recast as
b-q=+a-g. (2.9)

In deriving the low-energy dynamics, we treat these dyons as particular excited states
of the monopole dynamics. We thus begin with a given magnetic charge vector g and fixed
Higgs expectation values ®!. Setting q = 0 then fixes the angle o and the fields a, b defined
in (£.§). From (R.9), it also means that a is orthogonal to the magnetic charge,

a-g=0. (2.10)

The collective coordinate expansion then begins with a static purely magnetic solution to
the equation B; = D;b. The dynamical effect of the second Higgs field is treated as a
perturbation of this solution. The collective coordinate expansion can be considered to be
an expansion in n = ng + %n t, where ny is the number of time derivatives and ny is the
number of fermions. The equations of motion of the low-energy effective action will be of
order n = 2, so we will solve the equations of motion of the field theory to order n = 0,
n= % and n = 1. To incorporate the affects of the second Higgs field we will also assume
that a is of order n = 1.

Since the collective coordinate expansion is constructed about solutions of the ordinary
BPS equation for a single Higgs field B; = D;b, we summarize some aspects of the geometry
of the moduli spaces of solutions following [R7, .



We first define a connection W, on R* that is translationally invariant in the four
direction via W, = (A4;,b) and field strength G, = [D,,, D,] with D,, = 0, + [W,,]. then
the BPS equations can be recast as self-duality equations for W,

1
Guu = §€uup0Gp0- (211)

Denote the moduli space of solutions to the BPS equations within a given topological
class k by Mj. A natural set of coordinates is provided by the moduli 2™ that specify the
most general gauge equivalence class of solutions W),(z, z). The zero modes 0,,W,, about
a given solution satisfy the linearized BPS equation

1
D[M5mWV} = §6MVPUDp5mWU, (2.12)
as well as
D6, W, = 0. (2.13)
A natural metric on My, is
Gmn = — / BxTr (5 W6, W,). (2.14)

Then (R.13) implies that the zero mode is orthogonal to gauge modes.
The zero modes are in general written as

5mWM = 8qu - Dunma (2'15)

where the gauge parameters n,,(z, z) are chosen to satisfy (2.13). Then, on My, 1, define
a natural connection with covariant derivative

Sm = Om + [Mm, |, (2.16)

and field strength
¢mn = [Sma Sn]- (2.17)

The pair (W, (z,z),nm(x, z)) defines a natural connection on R* x My. The components
of the field strength are given by G, ¢y, and the mixed components are given by
[$m> Dy] = 6 W,s. (2.18)
They satisfy the following identities:
smGu = 2D},6mWy,
Dyomn = =280y W,
Gmn = 2(Dy D) W, 6,W,]. (2.19)

The Christoffel connection associated with the metric (R.14) can be written in the

form:

Connk = Goillnk = — / BrTr (8 W510,W,). (2.20)



The hyper-Kihler structure on R* gives rise to a hyper-Kihler structure on M. The three
complex structures can be written

m

IO L—— / B T (0, W8, W), (2.21)
which implies
TS, W, = = I8, W, (2.22)

Now we turn to the zero modes of the adjoint fermions. On the Euclidean space R?,
we introduce Hermitian gamma matrices,

s = vy, 'y =, (2.23)

satisfying {FM,F,,} = 20,, and define I's = I'1I'2I'3I'y. The fermion zero modes are time
independent solutions of the Dirac equation in the presence of a BPS monopole,

T,D,x = 0. (2.24)

They are necessarily anti-chiral. The monopole breaks 1/2 of the supersymmetry and the
unbroken supersymmetry can be used to pair the bosonic and fermionic zero modes via

Xm = oW, IH ey, (2.25)
where € is a c-number chiral spinor that can be chosen to satisfy

63_64_ =1, JL(;’) = —ieLFWq_. (2.26)

v

Using (R.29) we deduce that the fermionic zero modes satisfy
Jr(r?)an = 1Xm (2.27)

and hence that two bosonic zero modes are paired with one fermionic zero mode [2].
For later use, we discuss more on the complex structures. The charge conjugation of
the spinor x is defined as
X =0x" =C(") (2.28)

where the charge-conjugation matrix C satisfies,
cCc*=-1, Cri, =-TyC. (2.29)

Then with the c-number spinor €/, = Ce?., we see that §,,W,I',€/, are also zero modes and
can be expressed as a linear combination of original zero modes since x (and W) is in a
real representation of the gauge group, i.e.,

S WL yey = C "o, W, T ey, (2.30)

where the matrix C can be chosen to be anti-symmetric and unitary so that C2 = —1. By
taking the complex conjugate of (R.27), it follows that C anticommutes with .J ®),

cJ® =@, (2.31)



This matrix C generates a second complex structure on the moduli space which we also de-
note by J?). Defining JMW=7®) J®) we obtain the hyper-Kahler structure of the monopole
moduli space which can be taken to be the same as (R-21)) by an appropriate choice of com-
plex structures on R?.

With the above formalism on moduli space, it is now quite a simple matter to derive
the low-energy effective action of pure N = 2 SYM. First, we rewrite the Lagrangian in
terms of b, a rather than ®', ®2,

1 1 1 1
L=—-Tr {—ZFMNFMN + 5DMaDMa + iDMbDMb - g[a, b)?

—ixy™ Darx + ix[b, X] + 5[, X] } (2.32)

where x has now been redefined as the field rotated by the angle (a — 7/2)/2. Then the
following ansatz solve the equations of motion to order n =1 [R4]:

Wy = Wy(z, 2(t)),
X = O W, DFle  N™(t),
AO - Z'mnm - ZgbmnS‘TmS‘na
a = a+igmpAMmA", (2.33)
where

Dya = —G"5,W,, (2.34)

and G™ is a linear combination of the r tri-holomorphic Killing vector fields K on M
corresponding to the U(1)" gauge transformations

G=a-K. (2.35)

Because of (.27) the complex fermionic Grassmann odd collective coordinates A™ are
not independent and satisfy

— A JBm =\ (2.36)
Real independent A™ can be defined via
X =2 (X (). (2.37)

After substituting the ansatz into the action, one finds that the low-energy effective
action becomes [24]

1
S=3 / A" Gan + i G NN — GG g — DG A™A"] — b - g, (2.38)

which was first given in [RJ] based on supersymmetry considerations.



3. Inclusion of Hypermultiplets

We now consider the low-energy dynamics of monopoles in N =2 SYM with a hypermul-
tiplet in an arbitrary representation. This was first studied in [J—[f] in the case that only a
single adjoint Higgs field has a non-trivial expectation value. It was then generalized in [4]
to the case that both of the adjoint Higgs in the vector multiplet have non-vanishing expec-
tation values. In [P4], the low-energy dynamics was also derived when additional scalar vevs
in the hypermultiplet are turned on. In deriving this, it was necessary to assume that the
hypermultiplet is in a real representation to utilize complex structures of the index bundle
associated with the matter fermions. Here, we derive the low-energy effective theory for
the most general case, namely when the hypermultiplet is in an arbitrary representation
and nontrivial scalar vevs of the hypermultiplet are turned on.
The massless hypermultiplet contribution to the Lagrangian is given by

1 _ _
Ly = 5DKMTDKM +iOVE DU — U (=i — 45D2) T
+ MU + Uy My + i M2 0 + 10y Mo
1 1
+§MT(<1>% + ®HM + g(MH%SM)Q, (3.1)

where M is a doublet of complex scalars (M, Ms)”, t* are anti-hermitian generators in the
matter representation, 7, are Pauli matrices, and x¢ is the charge conjugation of y. Since
we will assume that M;’s have nonzero vevs, the hypermultiplet is necessarily massless and
its representation should contain a zero-weight vector so that the U(1) gauge symmetries
of the Coulomb phase are left intact by turning on the vevs.

Before discussing the low-energy dynamics of the system, we briefly summarize some
aspects of the geometry of the index bundle defined by the fermion zero modes. The zero
modes of matter fermion W satisfy the the Dirac equation in the background of a monopole
configuration

T,D,5% =0, (3.2)

and are chiral. Let W4(z,2), A=1...1 be a basis of the fermion zero modes in monopole
background specified by the moduli z satisfying

/d?’w;xpg = (U 4]¥B) = d4p, (3.3)

where \I’iI = (U 4)T. Note that the following completeness relation holds:
1-T%5

(W) 6AP (U 5] + 1T + 5 =1 (3.4)
where the operator Il projects onto the chiral non-zero modes and has the form
1 14715
I = ;D Ds : (3.5)
D,D, 2
The fermion zero modes define an index bundle with a connection
Apiap = (Vilsm¥s), (3.6)



and the corresponding field strength is written in the form
anAB = <Sm\I/A’H8n\IJB> - <Sn\I/A‘HSm\I/B> + <\I}A‘¢mn\PB> (3.7)

Since the connection one-form is unitary, the structure group of the index bundle is gener-
ically U(l). The index bundle thus admits a covariantly constant complex structure I with
Kahler form

Now the collective coordinate expansion can be done. After a suitable chiral rotation
as in the previous section, the ansatz solving the equations of motion to order n = 1 is [p4]

Wy = Wy, 2(t)),
X = OmWuI e, X (1),
.m . YtmAin i o «@
Ay = ™ — idmn AT —i—ﬁ(\lﬁt UtY),

e~ i
a = a+idma NN + ﬁ(\lﬁta%o‘),

U = A (1)U y,
_ 2
My = M; — E(X\P)a
_ 21
My = My — ﬁ(XC’YS‘I’% (3.9)

where 1) (t) is the Grassmann odd complex collective coordinates for the matter fermion
zero modes. a satisfies (2:34) and M 2 are order n = 1 and solve

D*M; 5 = 0. (3.10)

After substituting this ansatz into the field theory action, the M-independent terms give
rise to the supersymmetric quantum mechanics derived in [P4]:

1
1
Fi D + 5 Fnap A" A" z‘Tabwwb> ~-b-g. (3.11)

where we traded off complex ¥4’s in favor of real /’s as in ([2:37) and

Dy = )% + A% im0 (3.12)
T is defined by
Tip = (V4la¥p), (3.13)
and is anti-Hermitian in the real basis, Ty, = —Tp,. Furthermore, it satisfies @]
TAB;m = anABGn' (314)

In the following we derive M-dependent terms which are the main result of this paper.



3.1 Bosonic potential
First we note that, given (B.10), I)M;e; and IDM;€/, are fermion zero modes and hence can

be expanded in terms of the basis W 4:

DMey = —ysV2K(2) U 4,
DM€, —5V2KA(2)W 4. (3.15)

The quantities KZA and K{A define sections on the dual of the index bundle over the
monopole moduli space. Then K ZA and K {A are orthogonal to each other,

KAKM = 0. (3.16)
To see this, write
2@%¢:/&&@quwm¢% (3.17)

where we used the orthogonality of the zero modes ¥ 4. In the right hand side of the

equation, we have the expression
GLFMFVG'_‘_ = 61(5W + Ty )€, (3.18)

Since the c-number chiral spinor €, is orthogonal to its charge-conjugated one €’_, which
can easily be verified by using (B.2), only the antisymmetric part survives and hence (B.17)
becomes

1 _ _
2K K = 563_FW6/+ / d*x Dy, M] D, M;. (3.19)

After an integration by parts, this can be written as a sum of a vanishing boundary integral
and the term containing the field strength G, = [D,,, D,]. But this is self-dual and goes to
zero when multiplied by eifweﬁr since €, is chiral. This establishes (B.16). Furthermore,
it is clear from the definition that K; and Ks have the same magnitude as K| and KJ, i.e.,

KAKY = KK, K3AKS = KFAKD. (3.20)
Now we are ready to deal with the M-dependent bosonic potential terms, which arise

from the kinetic terms of M in (B.1). Using the similar line of argument as above, we find
that they reduce to

1 _ _
Ly = 5 / d*z D, M} D, M;

1 _ .
=3 / d3x (D M;e, ) D Me
= KK (3.21)

(The cross terms which are linear in M vanish due to (B.10).)



It turns out to be convenient to define
v = K — KA, (3.22)

Then using (B.16) and (B.20), we can rewrite (B.21]) as

1
Ly = vt = 51}“%, (3.23)
where, as before, we rewrote the complex quantities v in terms of real quantities v® by
expanding
1
A 2A-1 - 2A
vt =— (v + ). (3.24)
V2
3.2 Fermion bilinear terms
Fermion bilinear terms are
Lyy= /Mﬂxqz + UM 4 iM x50 4 i Tys Mo, (3.25)

With the relation 6,,W,, = [sm, D], we find
M = S\msmlﬂ]\%&r + (3.26)

where the ellipsis denote terms of the form IJ(...) which do not contribute any new terms
in the low energy dynamics since ¥ in the Lagrangian is chiral and satisfies the Dirac
equation. Using the relation (R.3(), this can also be written as

XMy = =A"C,, " s D Myé, + - - (3.27)

The existence of two alternative expressions for the same quantity is basically related to
the hyper-Kéhler structure of the moduli space, as mentioned in section f. We will see
shortly that this plays crucial roles in constraining the form of the effective Lagrangian
so that it becomes supersymmetric. Using (B.15), we see that the term containing M; in

(B.25) becomes
[t = ivB A, Ky
— —iV2\"C, "V, K (3.28)

Similarly, for —ivsx“M,

— XMy = N, D Moe, + ...
= ™ "s PMaey + ..., (3.29)

which gives
/ 05X My = —ivV2A YAV, K 4

= —iv2A"myAe "V, K, 4. (3.30)

,10,



Taking into account the complex conjugates of (B.2§) and (B.3(0), we find that the
fermion bilinear terms become

Lip = V2NV K 5+ ANV K g — AAY KDy — A, KD D), (3.31)

where we used the expression without C,,”. In terms of the real quantities v® defined in
B.22) and A\™, it can be reshuffled to

['Hf = i)\ml/Javmva (3.32)
—iV2(A YA Ky g — NN KD ¢ — AT AY Ky 4+ AT K ).

Now we are going to show that each of the last four terms in the above equation is
actually zero. First, note that () gives a nontrivial relation

(1 —iJONVYAK, 1 = —(1 - iJP)CVy KT L. (3.33)

where we used (R.3€).

Note the operators (1FiJ (3))V appearing in (B.33) are holomorphic and anti-holomor-
phic covariant derivatives with respect to the third complex structure J& on My. The
reason that J®) appears in this equation is because we used the c-number spinors €4 €y
associated J®) in considering the fermion zero modes. There are, however, three com-
plex structures on M; and hence we can obtain similar relations if we use the c-number
spinors associated with the other complex structures J& = C and JV = J@ JG)  The
corresponding c-number spinors egf), s =1,2,3 are defined by

efﬁef) =1, JL(LS) = —iefﬁfwegﬁq), Jﬁf,)l’l,egf) = ifﬂef), (3.34)

v

which generalize the relation (P-26). The corresponding zero modes are denoted as
() = 6,,W,IHe) 3.35
Xm' = OmWplm€q . (3.35)

After some calculation, the explicit form of egf) can be obtained by using (B.34):
i /4
1) e /
€ == €r +€),
+ \/5 ( + +)
e*iﬂ'/4

W(Q — i€,

e -

(3.36)

where phases of the spinors are carefully chosen so that the cyclicity for the label of the
complex structures are manifest in various relations shown below. (We will continue omit
the superscript label for quantities associated with J (3).) We also define ef) = Ceif)*.

Now let us consider the expansion

—~

.

lDMiﬁf) = V2K ()W,
PP = —5 V2K A ()0, (3.37)

—~

~

— 11 —



From the relation (B.36), we can express KZ@)A and KZ@)'A as

im/4 —im/4

Ki(l)A = _6\/5 (Kz +K£)Aa Ki(l)/A = _6\/5 (Kzl - Ki)A’
@a_ e ya_ e
K = S ik K = e (i) (3.38)

With the expansion (B.37) for s = 2, the condition corresponding to (B.-33) now takes the

form

(1 —iJVpAK® = —1 i) g0y K (3.39)
which, on using (8.33) and (B.39), can be simplified to
VK, 5 = —iJOVYAK! . (3.40)
Similarly, for s = 1 we obtain the relation
(1 +iJO)VVPAK, 1 = —(1 + i) JOVYAK! . (3.41)

Combining (B.40) and (B.41]), we actually find that each side of (B.41)) is zero separately.
In other words,

AN A K 1 =0, NV, K] =0. (3.42)
Finally, exactly the same kind of analysis with (B.29) shows that
AN K, =0, A, K, 5 = 0. (3.43)

(B-47) and (B.43) complete the proof that the second line of (B.39) is zero, i.e, the effective
action coming from the fermion bilinear terms become

ﬁHf = Z')\mlbavmva. (3.44)

From (B:23) and (B.44), the contribution to the effective Lagrangian from nonvanishing
hypermultiplet vevs is

1
Lo = 51)%,1 + iIA" YV g, (3.45)

3.3 Low-energy effective theory

Here we summarize the general low-energy dynamics of monopoles in N = 2 SYM with
hypermultiplets. Collecting the terms (B.11]) and (B.4H), we find that the Lagrangian is
given by

1
L= = (gnni™" + iGmn A" DN — g GGy — 1Dy G A A"

2
1
H D) + 5 Fpnap A" A" — i)
+v%, + 20N YV v,) — b - g. (3.46)

- 12 —



This Lagrangian has the same form as that obtained by a non-trivial Scherk-Schwarz
dimensional reduction on a two dimensional (4,0) supersymmetric sigma model with po-

tential [Rg]. It is invariant under N = 4 supersymmetry transformation given by

62 = —ieN™ + i J A,
SA™ — (ém o Gwn)6 4 J(S)mn(zn _ Gn)es _ ies)\k)\nJ(s)lk m

in»
S = —Ap %02 Y0 + v + € ‘(IS), (3.47)
where €,¢e5, s = 1,2,3 are Grassmann odd parameters, provided that the sections t‘(ls),

s =1,2,3 can be found satisfying [P4]:

TV 0 = = Vtly,
(vat(s))sm = 0,

G"v, = I

In addition, the following constraints should be met: The first is the well-known require-
ments that the moduli space is hyper-Kéhler and the curvature F' is of (1,1) type with
respect to all three complex structures of the manifold. Also G must be a tri-holomorphic
Killing vector field, and the two form on the bundle T" must satisfy

Tab;m = mnabGn- (349)

(B.49) is already discussed in (B.14) and, in the following, we will show that the relations
in (B.4§) are indeed satisfied.

To establish the first line of (B.4§), we consider the consequences of the relations (B.47)
and (B.43). Similar relations should also hold for other complex structures. In terms of
real quantities, (B-49), (B-43) and the corresponding relations for other complex structures

can be written

1+iJ) VA +iDK® =0
( i ;
(14iJ®)v(Qa - z'I)K.(S)/ =0, (no sum over s) (3.50)

(2

where i = 1,2, s = 1,2,3 and [ is the complex structure of the index bundle introduced in
(B-). Since all quantities in (B.50) are now real, the real and the imaginary parts should
hold separately and we have the following 12 relations,

VK® — JevIK®) =0,

(2

VE® 4+ J(S)V(IKZ-(S)/) =0. (no sum over s) (3.51)

(2

These equations are, however, not all independent. Using the relation (B.3§), we find after
some algebra that all the relations in (B.51)) can be recast into the three equations:

TV = -V, (3.52)

,13,



where v = K1 — K/, as before and

tqy = I(K] — Ka),
t(2) — —Ki - KQ,
tgy = I(K1 + K3). (3.53)

This is precisely the first equation of (B.4§).
With the above identification for ¢(,), the section v* turns out to be orthogonal to t‘(ls),
ie.,

(% ?S) — 0, (354)

which automatically satisfy the second line of (B.48). This can be shown by using the
similar arguments as in (B.17) and the details are omitted.

As for the last two relations in (B.4§), consider the identity
1 _
G"V K, 5= 7 /d3x \IIEWOGmsmlDMie+, (3.55)

which can be easily seen from (B.1§). Using the relation [s,, 0] = 6,,W,I',, ) can move
to the left and kills \I/i% since it is a zero mode. Then

1 _
@Kz = 5 / 5 WL A0G™6,, W, D Nye s
1 _
-5 / &>z UiA D ,al, Miey, (3.56)

where (2.34) was used in the second line. From (B.1§), we see that the right hand side is
proportional to 155 defined in (B.13), i.e.,

GV K5 =TipgKP. (3.57)

Since the sections v and ¢, are linear combinations of Kj, this proves that the last two
identities of (B.4§) hold.

In summary, the low-energy effective Lagrangian (B.46) has all the right properties to
have N = 4 supersymmetry.

4. Conclusions

In this paper, we have given a detailed derivation of the effective action governing the
low-energy dynamics of monopoles and dyons in N = 2 SYM with hypermultiplets in
arbitrary representations by generalizing the techniques developed in [4]. This includes
the case that not only adjoint Higgs fields in the N = 2 vector multiplet but also Higgs
fields in the hypermultiplets have non-vanishing expectation values while maintaining a
a non-trivial Coulomb branch, which is possible when the matter representation contains
a zero weight vector. The improvement over the earlier work is that the hypermultiplets
are not necessarily in real representations. Thus we have obtained the low-energy effective
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action in the most general case. It is given by a supersymmetric quantum mechanics
with potential terms which was obtained by a non-trivial “Scherk-Schwarz” dimensional
reduction of (4,0) sigma models in two dimensions, which might have a more direct stringy
origin along the line of [B(].

It would be interesting to study the supersymmetric quantum mechanics derived in
this paper and check the results in the context of Seiberg-Witten theories [BI]. This has
been done for example in [PJ] and [BJ] for pure SYM case. In particular, it is an interesting
problem to study the BPS spectrum using the effective action derived in this paper.
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